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Abstract
The covariant Dirac equation and its solutions show that rotation and accel-
eration can be used to generate and control spin currents.
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Introduction. The realization that the flow of spin angular momentum
can be separated from that of charge has recently stimulated intense interest
in fundamental spin physics [1]. Spin control is an important issue in spin
based electronics [2] and in all phenomena essentially based on spin transport
and dynamics [3].
The purpose of this work is to study the generation and control of spin
currents by rotation and acceleration. In this context a fundamental tool is
the covariant Dirac equation [4],[5]
[iγµ(x) (Dµ + ieAµ)−m] Ψ(x) = 0 , (1)
which describes spin-1/2 fermions like electrons over wide energy ranges and
is remarkably successful in dealing with all inertial and gravitational effects
discussed in the literature [6]-[10]. The notations are those of [11], in par-
ticular Dµ = ∇µ + iΓµ(x), ∇µ is the covariant derivative, Γµ(x) the spin
connection, commas indicate partial derivatives and the matrices γµ(x) sat-
isfy the relations {γµ(x), γν(x)} = 2gµν . In the absence of external fields (1)
reduces to the Dirac equation(
iγµˆ∂µ −m
)
ψ0(x) = 0 , (2)
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where γµˆ are the usual constant Dirac matrices.
The covariant Dirac equation [12], as well as other covariant wave equa-
tions [13]-[15], can be solved exactly to first order in the metric deviation
γµν = gµν−ηµν . This approximation is adequate for the problems considered
below. The first order solutions of (1) are of the form
Ψ(x) = Tˆ (x)ψ0(x) , (3)
where ψ0(x) is a solution of (2), the operator Tˆ is given by [11]
Tˆ = −
1
2m
(−iγµ(x)Dµ −m) e
−iΦT , (4)
ΦT = ΦS +ΦG+ΦEM ,ΦS(x) =
∫ x
P
dzλΓλ(z),ΦEM(x) = e
∫ x
P
dzλAλ(z) (5)
and
ΦG(x) = −
1
4
∫ x
P
dzλ [γαλ,β(z)− γβλ,α(z)]
[
(xα − zα) kβ −
(
xβ − zβ
)
kα
]
+ (6)
1
2
∫ x
P
dzλγαλ(z)k
α .
It is convenient to choose ψ0(x) in the form of plane waves, but wave packets
can also be used.
In (5) and (6), the path integrals are taken along the classical world line
of the particle, specifically, but not necessarily an electron, starting from a
reference point P . Only the path to O(γµν) needs to be known in the inte-
grations indicated because (3) already are first order solutions. The positive
energy solutions of (2) are given by
ψ(x) = u(k)e−ikαx
α
= N
(
φ
σ·k
E+m
φ
)
e−ikαx
α
, (7)
where N =
√
E+m
2E
, u+u = 1, u¯ = u+γ0, u+1 u2 = u
+
2 u1 = 0. In addition φ
can take the forms φ1 and φ2 where φ1 =
(
1
0
)
, and φ2 =
(
0
1
)
. When
acceleration and rotation are present, γµν is given by [9],[10]
γ00 ≈ 2(a · x) + (a · x)
2 −Ω2x2 + (Ω · x)2 , γ0i = −(Ω× x)i , γij = ηij , (8)
2
where a andΩ represent acceleration and rotation respectively. To first order
the tetrad is given by
eµαˆ ≈ δ
µ
α + h
µ
αˆ , h
0
0ˆ
= −a · x , h0
iˆ
= 0 , hk
iˆ
= 0 , hi
0ˆ
= −εijkΩjxk , (9)
h0ˆ0 = a · x , h
kˆ
0 = εijkΩ
ixj , h0ˆi = 0, h
kˆ
i = δ
k
i .
from which the spinorial connection can be calculated using the relations
γµ(x) = eµαˆ(x)γ
αˆ , Γµ(x) = −
1
4
σαˆβˆeναˆ∇µeνβˆ , (10)
where σαˆβˆ = i
2
[γαˆ, γβˆ]. The result is Γi = 0 and Γ0 = −
1
2
aiσ
0ˆˆi − 1
2
Ω · σI.
For electrons, u1 corresponds to the choice φ = φ1 and u2 to φ = φ2.
Substituting in (7), one finds
u1 = N


1
0
k3
E+m
k1+ik2
E+m

 , u2 = N


0
1
k1−ik2
E+m
−k3
E+m

 ,
that are not eigenspinors of the matrix Σ3 = σ3I whose eigenvalues represent
the spin components in the z-direction, but become eigenspinors of Σ3 when
k1 = k2 = 0, or in the rest frame of the electron k = 0.
Spin currents. The transfer of angular momentum between the external
non-inertial field and the electron spins can be demonstrated using the spin
current tensor [16]
Sρµν =
1
4im
[(
∇ρΨ¯
)
σµν(x)Ψ− Ψ¯σµν(x) (∇ρΨ)
]
, (11)
that satisfies the conservation law Sρµν ,ρ= 0 when all γαβ(x) vanish and
yields in addition the expected result Sρµν = 1
2
u¯0σ
µˆνˆu0 in the rest frame of
the particle. Writing σµν(x) ≈ σµˆνˆ + hµτˆσ
τˆ νˆ + hντˆσ
µˆτˆ and substituting (3) and
(4) in (11) one obtains, to O(γαβ),
Sρµν =
1
16im3
u¯0
{
8im2kρσµˆνˆ + 8imkρh
[µ
τˆ σ
τˆ νˆ]+ (12)
4imkρ (ΦG,α + kσh
σ
αˆ)
{
σµˆνˆ , γαˆ
}
− 8imkρΦGk
[µγ νˆ]+
4mkρkα
[
σµˆνˆ ,
(
γαˆΦS − γ
0ˆΦ+S γ
0ˆγαˆ
)]
+ 4m2kρ
[
σµˆνˆ ,
(
ΦS − γ
0ˆΦ+S γ
0ˆ
)]
−
3
8m2kρh0αˆ
[
γ 0ˆ,
[
σ0ˆαˆ, σµˆνˆ
]]
− 8im2kσ
(
Γσαβη
βρ + ∂ρhσαˆ
)
ηα[µγ νˆ]+
8im2∂ρΦG
(
4mσµˆνˆ − 2ik[µγ νˆ]
)
+ 4im2γ 0ˆΓρ+γ 0ˆ
{(
γαˆkα +m
)
, σµˆνˆ
}
Γρ
}
u0
where use has been made of the relation ΦG,µν = k
αΓαµν . It is therefore
possible to separate Sρµν in inertial and non-inertial parts. The first term on
the r.h.s. of (12) gives the usual result in the particle rest frame, when the
external field vanishes. From (12) one finds
∂ρS
ρµν =
1
16im3
u¯0
{
8imkρ∂ρh
[µ
τˆ σ
τˆ νˆ] − 8imkρΦG,ρk
[µγ νˆ]+ (13)
4imkρ
(
kσΓ
σ
αρ + ∂ρh
σ
αˆkσ
) {
σµˆνˆ , γαˆ
}
+ 4mkρkα
[
σµˆνˆ ,
(
γαˆΓρ − γ
0ˆΓ+ρ γ
0ˆγαˆ
)]
+
4m2kρ
[
σµˆνˆ ,
(
Γρ − γ
0ˆΓ+ρ γ
0ˆ
)]
+ 8m2kρ∂ρh
0
αˆ
[
γ 0ˆ,
[
σ0ˆαˆ, σµˆνˆ
]]
−
8im2kσ∂
ρΓσαρη
α[µγ νˆ] + 8im2kσΓ
σ
ρτη
τρ
(
4mσµˆνˆ − 2ik[µγ νˆ]
)
+
8im2kαΓραρσ
µˆνˆ + 8im2kρΓµαρσ
αˆνˆ + 8im2kρΓναρ
}
u0 ,
where terms containing Γ0,0 = 0 and ∂α∂βh
µ
νˆ = 0 have been eliminated. It
follows from (13) that the external field invalidates the conservation law and
that, therefore, there is continual interchange between spin and orbital an-
gular momentum. The result is entirely similar to that observed for external
electromagnetic fields [16]. This essentially proves that non-inertial fields can
be used in principle to generate and control spin currents. Because of the
complexity of the equations, detailed studies of spin currents require lengthy
calculations. In the rest frame of the particle, when Ω = (0, 0,Ω), one finds
∂ρS
ρµν = ∂iS
i12 =
1
2
(
Γρ0ρ + Γ
1
10 + Γ
2
20
)
u¯0σ
1ˆ2ˆu0 =
E +m
2E
Ωa2x
1 + a · x
, (14)
and ∂iS
i13 = ∂iS
i23 = 0. In (14) u0 corresponds to u1. The violation of the
conservation law is thus due to the direct coupling of the non-inertial field
to the particle’s spin current. Conservation is restored if either Ω, or a2, or
both vanish.
Spin motion. It is also useful to consider the actual spin motion. Transfer
of angular momentum between external and non-inertial fields takes place
when the operator Tˆ has some non-diagonal matrix elements. If in fact
at time t = 0 a beam of electrons is entirely of the u2 variety, at time t the
4
fraction of u1 is |〈u1|Tˆ |u2〉|
2. It is more convenient to write the last expression
in the form
P2→1 =
∣∣∣〈u1|Tˆ |u2〉∣∣∣2 =
∣∣∣∣
∫ λ
λ0
〈u1|x˙
µTˆ, µ|u2〉dλ
∣∣∣∣
2
, (15)
where x˙µ = kµ/m and λ is an affine parameter along the electron world line.
From [11]
Tˆ, ν =
1
2m
{
hµαˆ,νγ
αˆkµ + γ
µˆΦG,µν − 2im (ΦG,ν + Γν − eAν)
}
, (16)
one can see that
〈u1|
kν
m
Tˆ, ν |u2〉 = −i
k0
m
〈u1|Γ0|u2〉 = −i
k0
m
〈u1|
{
−
1
2
aiσ
0ˆˆi −
1
2
Ωiσ
iI
}
|u2〉,
(17)
while the Mashhoon coupling HM = −Ω · s [17], where s =
σ
2
, and the
interaction term 1
2
aiσ
0ˆiˆ = i
2
aiα
iˆ give the first order equation of motion [18]
ds
dt
= s× (Ω+ v × a) , (18)
which is useful in visualizing the spin motion under the action of rota-
tion and acceleration. Notice that Aµ does not contribute to (17) because
〈u1|u2〉 = 0 and that the terms ie(h
µ
αˆγ
αˆkµ+γ
µˆΦG,µ)Aν
kν
m
drop out on account
of 〈u1|γ
µˆ|u2〉 = 0. No mixed effects of first order in rotation or acceleration
and first order in the electromagnetic field are therefore present in this cal-
culation. This applies to all terms containing the magnetic field B, like
the Zeeman term, and electric fields, like the spin-orbit interaction, that are
present in the lowest order Dirac Hamiltonian that can be derived from (1)
[10]. To O(γµν), contributions to (17) from the electromagnetic field are
present in the actual determination of the electron’s path, as stated above.
From (17) one obtains
2m
iE
〈u1|
kν
m
Tˆ, ν |u2〉 = −i
k3
E
a1 −
k3
E
a2 + i
k1 − ik2
E
a3 (19)
+ Ω3
k3
E
−k1 + ik2
E +m
+ Ω1
E +m
2E
(
1 +
(k3)2
(E +m)2
−
(k1 − ik2)2
(E +m)2
)
− iΩ2
E +m
2E
(
1 +
(k3)2
(E +m)2
+
(k1 − ik2)2
(E +m)2
)
≡ A12 ,
5
where k0 ≡ E. The parameter kµ corresponds to the electron four-momentum
when Ω = 0 and a = 0.
Some general conclusions can be drawn from (19). i) If k3 = 0, the
particles move in the (x, y)-plane. If, in addition, Ω1 = Ω2 = 0, then A12 6= 0
only if a3 6= 0. ii) If, however, a is also due to rotation, the conditions
Ω1 = Ω2 = 0 imply a3 = 0 and therefore A12 = 0. This is the relevant case
of motion in the (x, y)-plane with rotation along an axis perpendicular to it.
One cannot therefore have a rotation induced spin current in this instance.
iii) Even for k = 0 one can have A12 6= 0 if one of Ω1 and Ω2 does not vanish.
This is a direct consequence of the spin rotation interaction or Mashhoon
term contained in (1) [17],[9],[10].
A few examples are discussed below.
Consider an electron wave packet moving along the x-axis of a frame
rotating about the same axis. Then a = 0 and the remaining parame-
ters are k = (k, 0, 0) and Ω = (Ω, 0, 0). While the electron propagates
along x, u1 and u2 propagate in opposite directions along x because of (17)
and (18). For a beam the spin current generated by rotation is therefore
Is = I↓ − I↑, with obvious meaning of the symbols. One finds P2→1 =
| iΩ(E+m)
4m
∫ t
0
dt
(
1− k
2
(E+m)2
)
|2 = (Ωt
2
)2 which holds for t ≤ 2/Ω on account of
the requirement P2→1 ≤ 1.
Consider next a wave packet moving in the plane z = 0 itself mov-
ing along z with velocity k3/E, while rotating about the z-axis with Ω =
(0, 0,Ω). The other parameters are k = (k cos Ωt, k sinΩt, k3) and a =
(−Ω2x,−Ω2y, 0). From (19) one finds A12 = (
k3
E
)(−ia1 − a2 + Ω−k
1+ik2
E+m
)
and P2→1 =
[
k3
E
(
ΩR + k
E+m
)
sin 2Ωt
]2
, where R is the radius of the circle
described by the wave packet in the plane z = 0. The motion of the center
of mass of the wave packet is helical and so is the motion of the spin compo-
nents which propagate, however, in opposite directions giving rise to a spin
current.
In the case of motion occurring in the plane z = 0 (k3 = 0) and Ω =
(Ω, 0, 0), one also gets a = (−Ω2x, 0, 0) and
A12 = Ω
E +m
2E
{
1−
(k1 − ik2)2
(E +m)2
}
, (20)
where k1 = k cosωt, k2 = k sinωt and ω = eB
mγ
is the cyclotron frequency of
the electrons along the circular path determined by the constant magnetic
6
field B. Substituting (20) in (15) one finds
P2→1 =
∣∣∣∣iΩE +m2E
∫ t
0
{
1−
k2(cos 2ωt− i sin 2ωt)
(E +m)2
}
dt
∣∣∣∣
2
(21)
=
(
Ωt
E +m
4E
)2{
sin4 ωt
ω2t2
+
(
1−
k2
(E +m)2
sin 2ωt
2ωt
)2}
,
which holds for all t for which P2→1 ≤ 1. While both spin up and down
electrons move on a circle of radius R about the z-axis, they propagate in
opposite directions because of the spin-rotation coupling, thus generating a
spin current.
Conclusions. Rotation and acceleration can be used to generate and con-
trol spin currents. This follows from the covariant Dirac equation and its
exact solutions to O(γµν). To this order, external electromagnetic fields can
be taken into account through the particle motion. The transition ampli-
tude for the conversion spin-up to spin-down is proportional to A12 and is
expressed as a function of Ω, a and of the electron four-momentum kµ before
the onset of rotation and acceleration. The same expression suggests criteria
for the generation of spin currents and the transfer of momentum and angu-
lar momentum to them. No energy can, of course, be transferred from the
non-inertial fields to the spin currents as long as γµν remains stationary.
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